Adler Function, Sum Rules and Crewther Relation of Order O(alpha_s^4):
  the Singlet Case by Baikov, P. A. et al.
ar
X
iv
:1
20
6.
12
88
v2
  [
he
p-
ph
]  
10
 O
ct 
20
12
Adler Function, Sum Rules and Crewther Relation of Order O(α4s): the Singlet Case
P. A. Baikova, K. G. Chetyrkinb, J. H. Ku¨hnb, J. Rittingerb
a Skobeltsyn Institute of Nuclear Physics, Lomonosov Moscow State University, 1(2), Leninskie gory, Moscow 119234, Russian Federation
bInstitut fu¨r Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT), Wolfgang-Gaede-Straße 1, 726128 Karlsruhe, Germany
Abstract
The analytic result for the singlet part of the Adler function of the vector current in a general gauge theory is presented in five-
loop approximation. Comparing this result with the corresponding singlet part of the Gross-Llewellyn Smith sum rule [1], we
successfully demonstrate the validity of the generalized Crewther relation for the singlet part. This provides a non-trivial test of
both our calculations and the generalized Crewther relation. Combining the result with the already available non-singlet part of the
Adler function [2, 3] we arrive at the complete O(α4s) expression for the Adler function and, as a direct consequence, at the complete
O(α4s ) correction to the e+e− annihilation into hadrons in a general gauge theory.
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1. Introduction
The classical Crewther relation (CR) [4] connects in a non-
trivial way two seemingly unrelated quantities, namely the
Adler function [5] and perturbative corrections arising in the
sum rules relevant for deep inelastic scattering (DIS). Origi-
nally the CR had been formulated for the case of a conformal-
invariant limit of a field theory. Subsequently, observing a close
relation between the O(α3s) terms in the Adler function and
the corrections to the Bjorken sum rule for polarized electron-
nucleon scattering, its generalization for the case of QCD was
suggested in [6], introducing as modification additional terms
proportional to the beta-function. More formal arguments for
the validity of this “generalized Crewther relation” (GCR) were
given in [7, 8, 9]. During the past years the perturbative correc-
tions both for Adler function and Bjorken sum rule were ex-
tended from O(α3s) [10, 11, 12, 13] to O(α4s) [2, 3]. However,
these results were restricted to the respective non-singlet parts.
Nevertheless, they could be used to demonstrate the validity of
the GCR between non-singlet Adler function and Bjorken sum
rule [14, 15], thus providing at the same time an important cross
check of the underlying, demanding calculations.
The O(α4s ) singlet piece of the sum rule was published in [1],
thus completing the prediction for the Gross-Llewellyn Smith
(GLS) sum rule [16]. Below we give the corresponding result
for the Adler function. On the one hand this leads to a predic-
tion of the familiar R-ratio measured in electron-positron anni-
hilation, including the (small) up to now missing singlet pieces
of O(α4s), on the other hand this result allows to test the GCR
also for the singlet case. Note that all results discussed in this
paper are assumed to be renormalized within the conventional
MS subtraction scheme [17].
2. Singlet O(α4
s
) contributions to the Adler function and
R(s)
For the definition of the Adler function it is convenient to
start with the polarization function of the flavor singlet vector
current:
3 Q2 Π(Q2) = i
∫
d4x eiq·x〈0|T jµ(x) jµ(0)|0〉 , (1)
with jµ = ∑i ψiγµψi and Q2 = −q2. The corresponding Adler
function
D(Q2) = −12 π2Q2 d
dQ2Π(Q
2) (2)
is naturally decomposed into a sum of the non-singlet (NS) and
singlet (SI) components (see Fig. 1):
D(Q2) = n f DNS (Q2) + n2f DS I(Q2) . (3)
Here n f stands for the total number of quark flavours; all
quarks are considered as massless. The Adler function DEM
corresponding to the electromagnetic vector current jEMµ =∑
i qi ψiγµψi (qi stands for the electric charge of the quark field
ψi) is thus given by the following combination:
DEM =
(∑
i
q2i
)
DNS +
(∑
i
qi
)2
DS I . (4)
Similar decompositions hold for the corresponding polarization
functions Π and ΠEM .
The physical observable R(s) = σ(e+e−→hadrons)
σ(e+e−→µ+µ−) is related to
ΠEM (Q2) by the optical theorem
R(s) = 12πℑΠEM(−s − iǫ) . (5)
The result for the perturbative expansions of the non-singlet
part (as ≡ αsπ )
DNS (Q2) = dR
(
1 +
∞∑
i=1
dNSi ais(Q2)
)
(6)
has been presented in [3]. For the singlet part it reads:
DS I (Q2) = dR
( ∞∑
i=3
dS Ii a
i
s(Q2)
)
, (7)
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Figure 1: Lowest order non-singlet (a) and singlet (b) diagrams contributing to the Adler function.
where the parameter dR (the dimension of the quark color rep-
resentation, dR = 3 in QCD) is factorized in both non-singlet
and singlet components.
The singlet component has the following structure at orders
α3s and α4s :
dS I3 = d
abc dabc/dR
(
11
192 −
1
8 ζ3
)
, (8)
dS I4 = d
abc dabc/dR
(
CF dS I4,1 + CA d
S I
4,2 + T n f d
S I
4,3
)
. (9)
Here CF and CA are the quadratic Casimir operators of the
fundamental and the adjoint representation of the Lie algebra,
dabc = 2 Tr({ λa2 , λ
b
2 },
λc
2 }), T is the trace normalization of the fun-
damental representation. For QCD (colour gauge group SU(3)):
CF = 4/3 , CA = 3 , T = 1/2 , dabc dabc = 40/3 .
Using the methods described in [18, 19, 20, 2, 21, 3] we ob-
tain
dS I4,1 = − 1364 −
1
4 ζ3 +
5
8 ζ5 , (10)
dS I4,2 = 38934608 −
169
128 ζ3 +
45
64 ζ5 −
11
32 ζ
2
3 , (11)
dS I4,3 = − 149576 +
13
32 ζ3 −
5
16 ζ5 +
1
8 ζ
2
3 . (12)
With the use of eqs. (10)-(12) and the result for DNS from [3]
we arrive at the complete result for the ratio R(s) at order α4s in
(massless) QCD:
R(s) = 3
∑
f
q2f
{
1 + as + a2s
(
365
24 − 11 ζ3 −
11
12 n f +
2
3 ζ3 n f
)
+ a3s
[
n2f
(
151
162 −
1
108π
2 − 1927 ζ3
)
+ n f
(
− 7847216 +
11
36 π
2 + 2629 ζ3 −
25
9 ζ5
)
+ 87029288 −
121
48 π
2 − 11034 ζ3 +
275
6 ζ5
]
+ a4s
[
n3f
(
− 61315832 +
11
432 π
2 + 203324 ζ3 −
1
54 π
2 ζ3 +
5
18 ζ5
)
+ n2f
(
1045381
15552 −
593
432 π
2 − 40655864 ζ3
+ 1112 π
2 ζ3 +
5
6 ζ
2
3 −
260
27 ζ5
)
+ n f
(
− 1304400710368 +
2263
96 π
2 + 1220512 ζ3 −
121
8 π
2 ζ3
− 55 ζ23 + 29675432 ζ5 +
665
72 ζ7
)
+ 14493949920736 −
49775
384 π
2 − 5693495864 ζ3 +
1331
16 π
2 ζ3
+ 54458 ζ
2
3 +
65945
288 ζ5 −
7315
48 ζ7
]}
+
(∑
f
q f
)2{
a3s
(
55
72 −
5
3 ζ3
)
+ a4s
[
n f
(
− 745432 +
65
24 ζ3 +
5
6 ζ
2
3 −
25
12 ζ5
)
+
(
5795
192 −
8245
144 ζ3 −
55
4 ζ
2
3 +
2825
72 ζ5
)]}
, (13)
where we set µ = Q. The full results for Adler
function and R(s) for generic color factors and
generic value of µ are rather lenghty and can be
found available (in computer-readable form) in
http://www-ttp.physik.uni-karlsruhe.de/Progdata/ttp12/ttp
Numerically, it reads:
R(s) = 3
∑
f
q2f
{
1 + as + a2s
(
1.986 − 0.1153 n f
)
+ a3s
(
− 6.637 − 1.200 n f − 0.00518 n2f
)
+ a4s
(
− 156.608+ 18.7748 n f − 0.797434 n2f
+ 0.0215161 n3f
)}
−
(∑
f
q f
)2(
1.2395 a3s +
(
17.8277− 0.57489 n f
)
a4s
)
.
Specifically, for the particular values of n f = 4 and 5 one
obtains (for the terms of order α3s and α4s we have explicitly
decomposed the coefficient into non-singlet and singlet contri-
butions):
Rn f=4(s) = 103
[
1 + as + 1.5245a2s
+ a3s
(
− 11.686 = −11.52 − 0.16527S I
)
+ a4s
(
− 94.961 = −92.891− 2.0703S I
)]
, (14)
Rn f=5(s) = 113
[
1 + as + 1.40902a2s
+ a3s
(
− 12.80 = −12.767 − 0.037562S I
)
+ a4s
(
− 80.434 = −79.981− 0.4531S I
)]
. (15)
Note that for n f = 3 the singlet contributions vanish in every
order in αs as the corresponding global coefficient (∑i qi)2 hap-
pens to be zero. Implications of this result for the determination
of αs in electron-positron annihilation and in Z-boson decays
are discussed in [22].
2
3. GLS sum rule at order O(α4s) and the Crewther relation
The second quantity of interest, the GLS sum rule,
1
2
∫ 1
0
F3(x, Q2)dx = 3 CCLS (as), (16)
relates the lowest moment of the isospin singlet structure func-
tion Fνp+ν¯p3 (x, Q2) to a coefficient CCLS (as), which appears in
the operator product expansion of the axial and vector non-
singlet currents
i
∫
T Aaµ(x)Vbν (0)eiqxdx|q2→−∞ ≈ CV,abµνα Vα(0) + . . . (17)
where
CV,abµνα = δabǫµναβ
qβ
Q2 C
GLS (as)
and Vα = ψγαψ is a flavour singlet quark current. At last Aaµ =
ψγµγ5taψ, Vbν = ψγνtbψ are axial vector and vector non-singlet
quark currents, with ta, tb being the generators of the flavour
group S U(n f ).
Again diagrams contributing to CGLS (as) can be separated in
two groups: non-singlet and singlet ones (see Fig. 2):
CGLS = CNS +CS I , (18)
CNS (Q2) = 1 +
∞∑
i=1
cNSi a
i
s(Q2) , (19)
CS I (Q2) =
∞∑
i=3
cS Ii a
i
s(Q2) . (20)
The results for both functions CNS and CS I at order α3s are
known since early 90-ties [13]. Note that as a consequence of
chiral invariance the closely related Bjorken sum rule receives
contributions from the non-singlet piece only [13]:
CB jp ≡ CNS . (21)
The O(α4s) contribution to CB jp has been computed some
time ago [3]. The calculation of the O(α4s ) contribution to CS I
has been published in [1] for a generic gauge group and is re-
peated below:
cS I3 = n f
dabc dabc
dR
(
cS I3,1 ≡ −
11
192 +
1
8 ζ3
)
, (22)
cS I4 = n f
dabc dabc
dR
(
CF cS I4,1 +CA c
S I
4,2 + T n f c
S I
4,3
)
, (23)
cS I4,1 =
37
128 +
1
16 ζ3 −
5
8 ζ5 , (24)
cS I4,2 = −
481
1152 +
971
1152 ζ3 −
295
576 ζ5 +
11
32 ζ
2
3 , (25)
cS I4,3 =
119
1152 −
67
288 ζ3 +
35
144
ζ5 −
1
8 ζ
2
3 . (26)
Using the input from eqs. (10-12) and (22-26), the validity
of the GCR can now be investigated. In fact, there exist two of
them [23, 6], one involving the non-singlet parts only and one
involving also a singlet piece:
DNS (as) CB jp(as) = dR
[
1 +
β(as)
as
KNS (aS )
]
, (27)
KNS (as) = as KNS1 + a2s KNS2 + a3s KNS3 + . . .
and
D(as) CGLS (as) = dR n f
[
1 + β(as)
as
K(as)
]
, (28)
K(as) = as K1 + a2s K2 + a3s K3 + . . .
Here β(as) = µ2 ddµ2 as(µ) = −
∑
i≥0 βia
i+2
s is the QCD β-function
with its first term β0 = 1112 CA −
T
3 n f . The term proportional
to the β-function describes the deviation from the limit of exact
conformal invariance, with the deviations starting in order α2s .
Relation (27) has been studied in detail in [3], where its va-
lidity at order α4s was demonstrated (a detailed discussion at
orders α2s and α3s can be found in [6]).
Let us consider now eq. (28). Combining eqs. (3,18,21) and
(27) leads to the following relations between coefficients KNSi
and Ki:
K1 = KNS1 , K2 = K
NS
2 , (29)
K3 = KNS3 + K
S I
3 , (30)
KS I3 = k
S I
3,1 n f
dabc dabc
dR
, (31)
with kS I3,1 being a numerical parameter.
Thus, we conclude that eq. (28) puts 3 − 1 = 2 con-
straints between two triplets of (purely numerical) parameters
{dS I4,1, d
S I
4,2, d
S I
4,3} and {c
S I
4,1, c
S I
4,2, c
S I
4,3} appearing in eqs. (9) and (23)
and completely describing the order α4s singlet contributions to
the Adler function and the Gross-Llewellyn Smith sum rule re-
spectively.
The solution of the constraints and eqs. (24-26) produces the
following relations for dS I4 :
dS I4,1 = −
3
2
cS I3,1 − c
S I
4,1 = −
13
64 −
ζ3
4
+
5ζ5
8 , (32)
dS I4,2 = −c
S I
4,2 −
11
12
kS I3,1 , (33)
dS I4,3 = −c
S I
4,3 +
1
3 k
S I
3,1 , (34)
whose validity is indeed confirmed by the explicit calculations.
As a result the remaining unknown kS I3,1 is fixed as:
kS I3,1 = −
179
384 +
25
48 ζ3 −
5
24
ζ5 . (35)
4. Conclusion
We have analytically computed coeffcients of all three colour
structures contributing to the singlet part of the Adler function
in massless QCD at O(α4s ). We have checked that all constraints
on these coefficients derived previously in [1] on the base of the
3
+ 5
q
+ 3 4 6
q
(a) (b)
Figure 2: (a),(b): O(α3s ) non-singlet and singlet diagrams contributing to the Gross-Llewellyn Smith sum rule; note that the coefficient function CB jp is contributed
by only non-singlet diagrams.
GCR are really fulfilled. This is an important cross-check of
our calculations of DS I , CS I and the very GCR.
The calculations has been performed on a SGI ALTIX 24-
node IB-interconnected cluster of 8-cores Xeon computers us-
ing parallel MPI-based [24] as well as thread-based [25] ver-
sions of FORM [26]. For the evaluation of color factors we
have used the FORM program COLOR [27]. The diagrams
have been generated with QGRAF [28]. The figures have been
drawn with the the help of Axodraw [29] and JaxoDraw [30].
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gemeinschaft in the Sonderforschungsbereich/Transregio
SFB/TR-9 “Computational Particle Physics” and by RFBR
grants 11-02-01196, 10-02-00525.
References
[1] P. A. Baikov, K. G. Chetyrkin, and J. H. Ku¨hn, Adler Function, DIS sum
rules and Crewther Relations, Nucl. Phys. Proc. Suppl. 205-206 (2010)
237–241, [arXiv:1007.0478].
[2] P. A. Baikov, K. G. Chetyrkin, and J. H. Ku¨hn, Order α4s QCD
Corrections to Z and τ Decays, Phys. Rev. Lett. 101 (2008) 012002,
[arXiv:0801.1821].
[3] P. A. Baikov, K. G. Chetyrkin, and J. H. Ku¨hn, Adler Function, Bjorken
Sum Rule, and the Crewther Relation to Order α4s in a General Gauge
Theory, Phys. Rev. Lett. 104 (2010) 132004, [arXiv:1001.3606].
[4] R. J. Crewther, Nonperturbative evaluation of the anomalies in
low-energy theorems, Phys. Rev. Lett. 28 (1972) 1421.
[5] S. L. Adler, Some Simple Vacuum Polarization Phenomenology: e+e− →
Hadrons: The mu - Mesic Atom x-Ray Discrepancy and (g-2) of the
Muon, Phys. Rev. D10 (1974) 3714.
[6] D. J. Broadhurst and A. L. Kataev, Connections between deep inelastic
and annihilation processes at next to next-to-leading order and beyond,
Phys. Lett. B315 (1993) 179–187, [hep-ph/9308274].
[7] G. T. Gabadadze and A. L. Kataev, On connection between coefficient
functions for deep inelastic and annihilation processes, JETP Lett. 61
(1995) 448–452, [hep-ph/9502384].
[8] R. J. Crewther, Relating inclusive e+ e- annihilation to electroproduction
sum rules in quantum chromodynamics, Phys. Lett. B397 (1997)
137–142, [hep-ph/9701321].
[9] V. M. Braun, G. P. Korchemsky, and D. Mueller, The uses of conformal
symmetry in QCD, Prog. Part. Nucl. Phys. 51 (2003) 311–398,
[hep-ph/0306057].
[10] S. G. Gorishny, A. L. Kataev, and S. A. Larin, The O (alpha-s**3)
corrections to sigma-tot (e+ e- → hadrons) and Gamma (tau- →
tau-neutrino + hadrons) in QCD, Phys. Lett. B259 (1991) 144–150.
[11] L. R. Surguladze and M. A. Samuel, Total hadronic cross-section in e+
e- annihilation at the four loop level of perturbative qcd, Phys. Rev. Lett.
66 (1991) 560–563; Erratum–ibid. 66, 2416 (1991).
[12] K. G. Chetyrkin, Corrections of order alpha(s)**3 to R(had) in pQCD
with light gluinos, Phys. Lett. B391 (1997) 402–412,
[hep-ph/9608480].
[13] S. A. Larin and J. A. M. Vermaseren, The α3s corrections to the Bjorken
sum rule for polarized electroproduction and to the Gross-Llewellyn
Smith sum rule, Phys. Lett. B259 (1991) 345–352.
[14] J. D. Bjorken, Inequality for Backward electron-Nucleon and
Muon-Nucleon Scattering at High Momentum Transfer, Phys. Rev. 163
(1967) 1767–1769.
[15] J. D. Bjorken, Inelastic Scattering of Polarized Leptons from Polarized
Nucleons, Phys. Rev. D1 (1970) 1376–1379.
[16] D. J. Gross and C. H. Llewellyn Smith, High-energy neutrino - nucleon
scattering, current algebra and partons, Nucl. Phys. B14 (1969)
337–347.
[17] W. A. Bardeen, A. J. Buras, D. W. Duke, and T. Muta, Deep Inelastic
Scattering Beyond the Leading Order in Asymptotically Free Gauge
Theories, Phys. Rev. D18 (1978) 3998.
[18] K. G. Chetyrkin and V. A. Smirnov, R* OPERATION CORRECTED,
Phys. Lett. B144 (1984) 419–424.
[19] P. A. Baikov, A practical criterion of irreducibility of multi-loop feynman
integrals, Phys. Lett. B634 (2006) 325–329, [hep-ph/0507053].
[20] P. A. Baikov, Explicit solutions of the 3–loop vacuum integral recurrence
relations, Phys. Lett. B385 (1996) 404–410, [hep-ph/9603267].
[21] P. A. Baikov and K. G. Chetyrkin, Four Loop Massless Propagators: an
Algebraic Evaluation of All Master Integrals, Nucl. Phys. B837 (2010)
186–220, [arXiv:1004.1153].
[22] P. A. Baikov, K. G. Chetyrkin, J. H. Ku¨hn, and J. Rittinger, Complete
O(α4s ) QCD Corrections to Hadronic Z Decays, Phys. Rev. Lett. 108
(May, 2012) 222003.
[23] S. L. Adler, C. G. Callan, Jr., D. J. Gross, and R. Jackiw, Constraints on
anomalies, Phys. Rev. D6 (1972) 2982–2988.
[24] M. Tentyukov et. al., ParFORM: Parallel Version of the Symbolic
Manipulation Program FORM, cs/0407066.
[25] M. Tentyukov and J. A. M. Vermaseren, The multithreaded version of
FORM, hep-ph/0702279.
[26] J. A. M. Vermaseren, New features of form, math-ph/0010025.
[27] T. van Ritbergen, A. N. Schellekens, and J. A. M. Vermaseren, Group
theory factors for feynman diagrams, Int. J. Mod. Phys. A14 (1999)
41–96, [hep-ph/9802376].
[28] P. Nogueira, Automatic feynman graph generation, J. Comput. Phys. 105
(1993) 279–289.
[29] J. A. M. Vermaseren, Axodraw, Comput. Phys. Commun. 83 (1994)
45–58.
[30] D. Binosi and L. Theussl, JaxoDraw: A graphical user interface for
drawing Feynman diagrams, Comput. Phys. Commun. 161 (2004)
76–86, [hep-ph/0309015].
4
